In this paper, we construct a counter example to a conjecture of Johns to the effect that a right Noetherian ring in which every right ideal is an annihilator is right Artinian. Our example requires the existence of a right Noetherian domain A (not a field) with a unique simple right module W such that WA is injective and A embeds in the endomorphism ring End(WA). Then the counter example is the trivial extension R = A x W of A and W . The ring A exists by a theorem of Resco using a theorem of Cohn. Specifically, if D is any countable existentially closed field with center k , then the right and left principal ideal domain defined by A = D®k k(x), where k(x) is the field of rational functions, has the desired properties, with WA « DA .
I. Introduction
It is well known that over a commutative ring, every Noetherian module with essential socle is Artinian. Although this is not true for arbitrary right Noetherian rings, some positive results have been obtained by Ginn and Moss [6] when the ring is right and left Noetherian. Johns [7, Theorem 1] , by using a result of Kurshan [8, Theorem 3.3] , showed that a right Noetherian ring is right Artinian, provided that every right ideal is a right annihilator. Ginn [5] had showed that Kurshan's result was false; however, Ginn's example does not provide a counter example to John's theorem. Therefore, the validity of John's theorem was already doubtful. The main result of this paper is to give an explicit counter example to that theorem.
For simplicity, a right Noetherian ring R will be called a right Johns ring if every right ideal of R is the right annihilator of a subset of R . Section 2 of this paper gives some positive results. For example, we show that under some additional hypotheses a right Johns ring must be right Artinian (Proposition 3.3). This is used to prove in Theorem 3.4 that Theorem 2 of Johns [7] is correct, even though his proof depends on the false Theorem 1.
Throughout this paper, R denotes a ring with 1. For any subset X of R, we let rR(X) = {r£R:xr = 0 for all x £ X} be the right annihilator of I in Ä; the left annihilator Ir(X) is defined similarly. We also define /a/(X) and Im(X) , in the obvious way, when X is a subset of R and M is a left or right ic-module, respectively.
For any right i?-module M, we write Mr to indicate that M is a right i?-module, and we write Soc(M) for its socle. The Jacobson radical of a ring R is denote by J(R), or simply J, when it is clear from the context.
Recall that a ring R is a right V-ring provided that every simple right Rmodule is injective.
The counter example
Because our counter example is a trivial extension of a domain, our first aim is to characterize those trivial extensions of domains that are right Johns. We remark, however, that the reader who is strictly interested in the counter example needs to consider the "if part of the following result only. (ii) lR(Soc{R)) = rR(Soc(R)) = J . Proof, (i) That J is nilpotent is Lemma 1 of [7] ; that Ir(J) is an essential right ideal is John's Lemma 2; and that rR(J) = Ir(J) = Soc(R) is John's Lemmas 3,4.
(ii) Since every maximal right ideal is a right annihilator, we see that every simple right Ä-module embeds in R. Hence, rR(Soc(R)) -J. By (i), J ç lR(Soc(R)). If x £ lR(Soc(R)), then Soc(/î) ç rR(x). Since Soc(R) is essential, so is rR(x). R being right Noetherian, this implies x £ J . Therefore The "only if part. Write R = A k W. Note that (0, W) is a simple right /^-module. Since any simple right i?-module embeds in R, we see that W is "the unique" simple right ^4-module. The fact that A is a right F-ring follows from the following general result. Theorem 2.3. // R is an arbitrary right Johns ring, then R/J is a right V-ring.
By Lemma 2.2(i), Soc(R) is an essential finitely generated right ideal of R. Since Soc(R) is an ideal of R, it is an ic-bimodule, so Lemma 2.2(h) implies that Soc(i?) is an i?//-bimodule.
Since R is right Johns, every simple right Ä-module embeds in Soc(R). Thus, the result will follow by proving that Soc(R) is injective as a right R/J-module.
Write E for the injective hull of Soc(JR) (as right /(//-modules).
Assume x £ E\Soc(R). Since F is a right i?-module, rR(x) is a right ideal of R containing /. Hence Lemma 2.2(i) implies lR(rR(x)) = Isoc(r)(>"r(x)) ■ By using the fact that R is right Johns, we have that rR(x) -rR(lSoc^(rR(x))).
This implies that the right -R/7-module M = x(R/J) « R/rR(x) embeds into a direct product of copies of Soc(R). Since M ç F, Soc(M) is an essential Artinian submodule of M. Therefore, M can be embedded in a finite product of copies of Soc(R). Hence, M is semisimple Artinian, but then M -Soc(M) ç Soc(F) = Soc(R). Thus x £ Soc(i?), which is not the case. □ We finally come to the crux of the construction. We will use Resco's theorem [10] and a theorem of Cohn on existentially closed fields (see [2] ). (ii) Since D is a countable existentially closed field over k , it follows from [2, Theorem 6.2.7] and the remark after that there is a rc-algebra embedding a: D <-> Co(a). We also have a /c-algebra embedding ß: k(x) *-» CD(a) in which x maps to a . Now, A being simple, we obtain a k-algebra embedding y = a®ß:A^ CD(a) ^ End(DA), which converts D into an ,4-bimodule, as required. By [10] , A is a non-Artinian F-domain with a unique simple right Amodule. The result now follows from the above paragraph and Theorem 2.1. D Regarding (ii), we remark that the F-domains of Cozzens [3] and Osofsky [9] do not suffice for Corollary 2.3(h) because their simple modules have commutative endomorphism rings.
Some positive results
Proposition 3.3 gives a necessary and sufficient condition for a right Johns ring to be right Artinian and also states that a right Johns ring with finite left Goldie dimension must be right Artinian. The latter is the key point in our proof of Theorem 2 in [7] . John's proof in [7] is not correct since it uses that a right Johns ring is right Artinian. However, this theorem is true.
We require some previous results. By a minimal left annihilator we mean a minimal member in the set of all nonzero left annihilators of subsets of R . It is clear that the right annihilator of a minimal left annihilator is actually maximal in the set of all proper right annihilators of R ; that is, a maximal right annihilator. Proof. Assume R contains a copy of each simple right Ä-module. Then every maximal right ideal is a right annihilator so every maximal right annihilator is actually maximal. Since R is of finite left Goldie dimension, it follows from Proposition 3.1 that J can be written as a finite intersection of maximal right ideals; that is, R is semilocal. D Proof. Write R = R/JiR).
(i) Suppose R is right Johns. The "only if part follows from the well-known fact that every element of a right Artinian ring whose right annihilator is 0 is invertible.
Conversely, let a £ R be with rj(a) = 0. Then, since R is a semiprime right Noetherian ring, lR(a) = 0 . Therefore, J = {x £ R: xa £ J} . By Lemma 2.22(h), J = Ir(Soc(R)) ,soJ = lR(a Soc(R)). Now we use the fact that every right ideal is a right annihilator to deduce that Soc(R) -a Soc(R). But Soc(R) is finitely generated, so rR(a) n Soc(R) = 0. By Lemma 2.2(i), Soc(i\) is an essential right ideal, so rR(a) = 0. By hypothesis, a is invertible in R . Thus R/J is its own classical ring of quotients. Hence R/J is semisimple Artinian. By Lemma 2.2(i), J is nilpotent. Since R is right Noetherian, we see that R is right Artinian. This also suffices for (iii).
(ii) It is immediate from Corollary 3.2 and the latter arguments above. D Then (1) yields r(ak) = R ; that is, ak = 0 for all k > m . This proves that the left Goldie dimension of R is finite, as required. D This is immediate from the work of Johns [7] , as the proof readily indicates.
Note
A Memorial Service for Père Menai was given at Universität Autónoma de Barcelona on October 9, 1991. A memorial booklet contains the moving and beautiful reminiscences of two of his students, and colleagues, Jaume Moncasi and Père Ara, and an additional commentary by his Ph.D. adviser, and the Director of CRM, Manuel Castellet. I am indebted to Warren Dicks for kindly sending me this commemoration.
I am deeply moved that I was able to be a small part of the life of this inspirational and noble soul, a man of true genius and great learning and vision.
